Monte Carlo simulation is used to study the elastic properties of the classical hard sphere solid. The elastic constants C 11 ,C 12 , and C 44 are computed for the fcc lattice structure at the melting density. Poisson's ratio is computed and is shown to be positive. These`exact' results are compared with those of simple models of the hard sphere solid.
I. INTRODUCTION
Starting with the work of Ramakrishnan and Yussou , 1 density functional theories have been an important development in the study of classical solids and the solid-uid phase transition. Recently, there have been explorations into the application of these theories to compute a variety of physical quantities, in particular, the elastic constants of the solid phase. 2;3 Given this state of development of the theories, we thought it was timely to compute the elastic constants of the hard sphere solid to provide a useful benchmark for present and future theoretical treatments. As will be seen below in Section III, the discontinuity in the hard sphere potential presents a few technical di culties for the computation of the elastic constants. In spite of these problems, the hard sphere system was chosen for the following reasons:
1. The hard sphere system is a convenient test bed for the density functional theories because the exact liquid structure factor, S(k), ( an essential ingredient of the theories) is accurately described by the Verlet-Weis 4 modi cation of the analytical solution to the Percus-Yevick equation for hard spheres.
2. The elastic properties of the hard sphere solid are non-trivial in the sense that, due to the discontinuous nature of the potential, there are no`static lattice' or`harmonic' treatments of the elastic constants. Thus this work will provide the elastic constants of a highly anharmonic solid.
3. Jari c and Mohanty 3 have performed a density functional computation of the elastic moduli of the hard sphere crystal and have arrived at the result that Poisson's ratio is negative. Their work, in fact, was the primary stimulus for this computation.
In section II a fairly careful de nition of the isothermal elastic constants is given. Care is taken since nearly all treatments of elastic moduli assume zero initial stress, which is, 2 of course, impossible for the purely repulsive hard sphere system. The generalization of Poisson's ratio to anisotropic crystals is also discussed in this section.
Section III is devoted to the description of the Monte Carlo method used to estimate the elastic constants. The di culties presented by the hard sphere potential are discussed here along with possible ways to avoid them.
In section IV, we present our results for the elastic moduli, C 11 ,C 12 , and C 44 ; the pressure, P; and the inverse compressibility, ( @P @ ) T , at the melting density. The errors in these quantities are discussed. The moduli are then used to compute the`generalized' Poisson's ratio for the system. Lastly, we compare the computed elastic constants with the predictions of a free volume theory and a simple static lattice model.
II. DEFINITION OF THE ELASTIC CONSTANTS
Let x denote the position of a material point in the solid in the undeformed state.
Next, let u i (x) be the displacement of the material point in the ith direction after the deformation has taken place. The nonlinear Lagrangian strain tensor, ij , describes the state of deformation of the system and is de ned by:
where 1 i; j 3, and the Einstein summation convention is in force throughout this paper: repeated indices are summed over. In computing the elastic constants we assume that the strain is homogeneous, in other words, ij is independent of x. For a more complete discussion of the above see Wallace. 5 Now de ne the Helmholtz free energy, F, by
3 where k B T is Boltzmann's constant times the temperature and Z is the canonical partition function of the system. Z depends on the number of particles, N, the temperature, T, the size and shape of the container, and the boundary conditions. Periodic boundary conditions were used exclusively in this work. For small enough strain, plastic ow will not occur and so displacing the boundary surfaces by an amount corresponding to the strain ij should give rise to a similar transformation of the crystal's unit cell. Under these conditions the free energy should be a smooth function of the strain and we may write: 
r i is the position of the ith particle, 1 i N; = 1=k B T; is the deBroglie thermal wavelength; 6 and U is the potential energy of interaction of the particles. The integrals over V 0 indicate that the coordinates are to range over the entire deformed volume. The only way the strain, ij , enters into the partition function is through these integration limits.
If we let f denote the free energy per particle, f = F=N, and let be the number density of the undeformed state, = N=V , then we are in a position to de ne the elastic constants. The constants are de ned as the coe cients in the following expansion of f about ij = 0: f( ij ) = f(0) + T ij ij + 1 2 C ijkl ij kl + ; (4) where the N; V; T dependence has been suppressed in f; T ij , and C ijkl . All repeated indices are summed over. T ij is the stress tensor: the component T ij is the force per unit area in the ith direction acting across an area element perpendicular to the jth direction. The C ijkl are the isothermal elastic constants we wish to calculate.
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One can see from equation (4) that there is a subtlety in the de nition of C ijkl when the initial stresses are not all zero. Since the strain tensor is assumed to be small, one may argue that the third term in equation (1) 
In fact, if all of the T ij are zero then both de nitions, (1) and (5), give rise to exactly the same C ijkl . However, if some of the T ij are not zero then, in equation (4), the`terms of higher order' in T ij ij clearly modify the next order term, 1 2 C ijkl ij kl . We will use de nition (1) as the strain in this paper. While the above discussion is based purely on de nitions, it clari es exactly what is meant by`C ijkl '.
From the above one can show:
We will use the standard Voigt notation in this paper; it is a mapping of two indices, (ij (4) vanish. In the Voigt notation, the only non-zero stresses are T 1 ; T 2 , and T 3 .
Furthermore, T 1 = T 2 = T 3 = ?P, which implies the stress tensor is equal to the negative of the isotropic pressure times the identity matrix. For a system with cubic symmetry, of the 6 6 = 36 possible C , only 12 are non-zero, and among these there are only three independent ones, which can be taken as: C 11 ; C 12 , and C 44 . 5 We conclude this section with a short discussion of Poisson's ratio. For an isotropic system Poisson's ratio, p , is the negative of the ratio of the transverse strain to the 5 longitudinal strain when the stress is incremented parallel to the longitudinal direction. 7 Thermodynamic considerations restrict Poisson's ratio to lie between ?1 and 1 2 for an isotropic system. If p is less than zero then when one stretches the material in one direction it expands at right angles to this direction. In general one believes that materials have p > 0, but there are some notable exceptions. 8 For an anisotropic solid Poisson's ratio depends on both the direction along which the increment in stress is made and the direction along which the resulting contraction is measured. If the stress is incremented alongn then it is su cient to know p for two mutually orthogonal directions, both perpendicular ton: the p associated with contraction along any other direction may be obtained by the standard rules for rotating tensors. The knowledge of the elastic constants and initial stresses coupled with the general stress-strain relations enables one to compute p along an arbitrary direction in the crystal for any transverse direction. All of this is discussed in detail in Wallace. 5 
III. COMPUTATIONAL METHOD
The method used in this work to compute the elastic constants is that of Broughton, 9 with slight modi cations required to treat the discontinuous nature of the hard sphere interaction. The method involves performing a Monte Carlo simulation of a system which has a small, nite strain applied to it. The strain is imposed by constraining each particle to remain inside the deformed volume, V 0 , in equation (3) . During the course of the simulation the stress tensor of the deformed system is measured. The linear dependence of this stress tensor on the (small) strain is then used to`pick out' the elastic constants of the undeformed system. Speci cally, consider the system in the state of deformation given by ij . By using equation (4) and considering in nitesimal changes in the strain about the deformed state, one arrives at the following expression for the stress tensor in 6 the deformed state,
where f g implies`in the deformed state' and we have explicitly put a`(0)' to signify that the quantity pertains to the undeformed state. The factor multiplying T ij (0) is comes from the change in overall factor of in equation (4) . Given that one can perform simulations to estimate T ij (f g) and T ij (0), one proceeds to do so at the number of distinct strains necessary to solve the set of linear equations (equation (7) applied to each f g) for the elastic constants, C ijkl (0). Thus, if there are n independent elastic constants, one must perform at least n + 1 simulations with di erent strains: one at zero strain to get T ij (0), and then n more at distinct values of strain to pick o the C ijkl (0). It is also a good idea to do additional simulations in which the strain is merely scaled up or down by a factor to test if one is actually in the linear regime of equation (7).
We now specialize to the case of cubic symmetry, and shall shortly specialize to the hard sphere system. For a cubic crystal under isotropic pressure one has from Wallace, @P @ T = 1 3 (C 11 + 2C 12 + P): (8) In our work the pressure was computed in the standard fashion 10 at three densities; ; + ;
and ? . The pressures from the last two densities allow one to estimate @P @ at by nite di erencing. Equation (8) gives one piece of information and so two additional Monte Carlo simulations must be performed with di erent types of strain to extract the three independent elastic constants. We have tried to choose these strains to minimize errors and maximize convenience as much as possible.
For lack of a better terminology, we label the two strains`shear-1' and`shear-2'. Shear-1 is de ned by the following transformation of coordinates:
x 0 = x + y 7 y 0 = y (9) z 0 = z; In both cases is a parameter which determines the magnitude of the strain, with, of course, = 0 implying no deformation. Shear-1 is seen to be a simple shear parallel to the xz-plane. Shear-2 can be shown to be a composite of two simple shears. 7 An important point to note is that the above two strains are`invariant' when is replaced by ? . This invariance follows from the cubic symmetry: for shear-1 one uses y $ ?y and for shear-2 one uses (x; y) $ (y; x). Thus the free energy per particle is an even function of : f( ) = f(? ) for both shears. This fact is of great convenience for it
which is a useful piece of information since we will be trying to extract the linear term of this expression. The lack of a zeroth order term in (11) is desirable because we avoid increasing our statistical error by having to subtract o the constant. The absence of an O( 2 ) term is equally convenient since it makes it much easier to be in the linear regime of equation (11).
We shall now describe how to compute the left hand side of equation (11) (2) and the strain de nitions, (9) and (10) 
where V ( ) denotes the volume of the deformed container under strain ( = 1; 2), and Q( ) is the corresponding value of the partition function. Formulae (13) and (14) are derived in the standard manner in which one computes the virial expression for the pressure. 11 One introduces a change of variables in the integral (12) such that the integration limits do not change with , but rather the integrand contains all of the dependence. The single di erentiation of the integrand with respect to is then carried out, and the above formulae are obtained by making a change of variables back to the original integration coordinates.
The delta functions in expressions (13) and (14) cannot be averaged directly from the con gurations generated in the Monte Carlo simulation. Rather, one breaks up the pair separation, r ij , into`bins' of width r and averages the coe cient of the delta function for each bin. One then extrapolates the bin averages to r ij = . This technique is completely analogous to the standard method of estimating the virial pressure for the hard sphere system. 10 The procedure is awkward and the extrapolation increases the error 9
in the estimates and so a method was developed that avoids extrapolation altogether. The Table I contains the results of the computation of the pressure and nite di erenced compressibility. A`pass' in the Monte Carlo simulation is de ned to be one attempted move of every particle in the system. In the runs of table I the system was started in a perfect fcc crystal and then allowed to relax for 5,000 passes. Information used to determine the pressure was then collected over the next 300,000 passes. Runs of this length gave an accuracy in the pressures of about 0:1 percent, which was satisfactory for the purposes of the paper.
From equations (1), (4), (9) , and (10) 
The quantities 1 and 2 are found by using the Monte Carlo estimates of the right hand sides of equations (13) and (14), respectively. As mentioned in the previous section, 1 and 2 can be computed by extrapolating certain`bin averages', which are now described.
Let 1 ( r) denote ( = 1 r) times the average of the coe cient of the delta function in equation (13) for all pairs with separation between r ? 1 2 r and r + 1 2 r. Similarly, let 2 ( r) correspond to the same quantity for shear-2. By assuming ( r) varies smoothly with r one may extrapolate the bin averages to obtain . Figure 1 shows the results for the bin averages of shear-1 with 1 = 0:02. The extrapolations were performed by evaluating a quadratic t to the rst three bin averages at r = . Consistency was checked by redoing the t with the bin width doubled, and by using both bin sizes to extrapolate away the O( r 3 ) error term. For both types of checks the estimated systematic error was found to be much smaller than the statistical error. Furthermore, the elastic moduli and pressures that were computed from the estimators requiring no extrapolation (see the Appendix) agreed with the extrapolated values quoted in this paper to within the observed error bars. The program was also tested by running in the uid phase at = 0:7 and the results for 1 and 2 were consistent with the uid being unable to support a shear (which corresponds to 1 = 0 and 2 = 2P). In the solid runs, the system was always started from the perfect crystal obtained by straining the fcc lattice by the corresponding . Typically, the initial 5,000 passes were discarded and averages were computed over the next 100,000 to 300,000 passes. (16) and (17) cannot be discerned from the statistical error. In table III the nite size dependencies of the pressure and the elastic constants are presented. Also presented in table III are the results of the free volume theory. In this theory each sphere is allowed to wander about in the cage de ned by xing its neighbors at their lattice positions. 13 Let v f ( ; ) denote the free volume this`wandering' particle may sweep out at density and strain . The con gurational integral, (12) , is approximated by:
which implies,
One may next work out the pressure, inverse compressibility, and elastic moduli by taking the appropriate derivatives of v f with respect to or . For the density dependence of v f with = 0 Buehler's analytic expression was used. 13 The dependence was computed by the use of a crude Monte Carlo scheme that uniformly lled a cube known to contain the free volume with roughly 10 7 random points. The fraction of points falling inside the free volume provides an estimate of v f . As is well known, 14 the simple free volume theory gives surprisingly good results for the pressure and compressibility even at the melting density (the theory is asymptotically exact for the equation of state as the density approaches close packing: ! p 2). The free volume predictions of the elastic moduli 1 and 2 are, however, less satisfactory. The most obvious di erence occurs for the shear-2 modulus, 2 , which is almost three times too large. (There is some indication of singular behavior in the derivatives of the free volume at = 0, in which case this free volume model would be inapplicable.) It would be interesting to see if the correlated cell theories, such as the one due to Hardy, 15 give more reasonable predictions.
Finally, in table IV we present the results for Poisson's ratio along three symmetry directions,n, in the crystal. As was mentioned in section II, for eachn one must compute 12
Poisson's ratio along two mutually orthogonal directions in the plane transverse ton.
These two directions shall be denoted by`k' and`?': k corresponds to the direction in the plane containingn and the z-axis, and ? is orthogonal to bothn and k. For example, if n is 110] then k is 001] and ? is 110]. Since the pressure of the hard sphere system is directly proportional to the temperature, it is a simple matter to convert the isothermal elastic constants to ones for adiabatic processes (constant entropy). The conversion is given by: and the superscripts S and T refer to adiabatic and isothermal processes, respectively.
Poisson's ratio for both types of processes are shown in table IV. Evidently, the isothermal p (?) is slightly negative along the 110] direction. This implies that if the sample is compressed along 110] then there will be a slight contraction in the 110] direction. The contraction is more than compensated by the large expansion that occurs in the 001] direction. It is obvious that that the sum of p (k) and p (?) provides a measure of the overall change in area in the transverse plane when the stress is incremented alongn. In all cases considered here the sum of the two Poisson ratios has been found to be positive.
To test the Monte Carlo result that p (110; ?) < 0 a simple lattice model was used.
The goal was to come up with any reasonable physical system that possessed a negative p (110; ?). As shall be seen below, it is somewhat amazing that the lattice model does much better than the free volume model in predicting the Poisson's ratios. The lattice model consists of a system of particles interacting via a pair potential v(r) = ( r ) n . At 13 T = 0 one may compute the elastic constants and Poisson's ratios easily because the particles are localized at the fcc lattice sites. Now consider the hard sphere limit (n ! 1) of these quantities. At nite n, all of the elastic constants and the pressure have exactly the same density dependence (equal to ( d ) n for large n, where d is the nearest neighbor distance), which cancels out of the Poisson's ratios. Therefore the Poisson's ratios approach nite values independent of the density as n ! 1. The results of this`model' are presented for n = 12 and n = 1 in table IV. Several points may be noted. First, the n = 12 static lattice has p (110; ?) < 0. This suggests that the similar result from the Monte Carlo runs is not unreasonable. Second, the hard sphere limit (n ! 1) of this model is remarkably close to the simulation results. Although the model is a drastic approximation to the actual hard sphere system, evidently enough information remains about how particles rearrange under stress to allow for semi-quantitative agreement. Lastly, it must be noted that the model has a severe defect in that any distinction one would hope to make between the isothermal and adiabatic elastic constants was lost when the limit T ! 0 was taken.
V. SUMMARY
In this study the elastic moduli and generalized Poisson's ratios have been computed to roughly one percent accuracy at the melting density for the fcc hard sphere system. These data allow all of the elastic properties of the solid to be computed: one may derive the stress-strain relations, the acoustic wave propagation velocities and polarization vectors, etc. For compressions along the 100] and 111] directions Poisson's ratio was found to be positive, which agrees with one's physical intuition about the system. Along the 110] direction, (isothermal) compressions shall cause a slight contraction along the 110] direction and a larger expansion along 001].
The free volume theory gives rather disappointing predictions for the shear moduli inlight of its success for the equation of state. Surprisingly, a very simple, T = 0, static lattice model gives quite accurate results for the isothermal Poisson's ratios. It would be interesting to see if any extensions of the lattice model would give an even better description of the elastic properties (such as the computation of the adiabatic Poisson's ratios). It is hoped that the results of this study shall provide a useful test case for any theories attempting to compute the elastic moduli of the hard sphere system or more complicated solids.
of ours. However, we have been informed by the above authors that they are presently improving their calculation and expect signi cant changes in their value of C 44 . We are performing Monte Carlo simulations at one of the densities they have studied to provide a better comparison between our results and theirs.
APPENDIX
In this appendix an estimator to compute averages of the form:
(r ij ? )h(r ij ) E ; (20) for the hard sphere system is presented. The estimator avoids the extrapolation process described in sections III and IV. Consider a con guration of the system drawn from an equilibrium ensemble by the standard Metropolis algorithm. 17 One is, of course, allowed to do one more Metropolis Monte Carlo step of the ith particle before performing the average in equation (21). This last step is chosen from a valid Metropolis transition probability for which one can analytically compute the probability of moving to the region where = 1. One can then obtain an expression for the expected contribution to (21) from taking this last Monte 16
Carlo step. 18 Finally, one takes the limit r ! 0 of the analytic expression to arrive at an estimator for h i that involves no extrapolation.
Most likely, a very good estimator results from a transition probability which uniformly samples the available volume surrounding the initial point, r i (i.e. the region of space containing the ith particle's initial position that does not intersect with any other sphere).
In this case the estimator for h i would involve the ratio of the surface area of the available volume to the available volume since r times this ratio is the probability to move to the shell in which = 1. The computation of the above surface area and volume is a rather tedious geometry problem we chose to avoid (not to mention the average of h(r) over the surface!).
The method used here involves the following transition probability for particle i:
(1) Sample a random directionû. One can show that this transition probability satis es detailed balance and is therefore an acceptable choice for the Metropolis algorithm. It is a simple geometry problem to compute the expected contribution of step (4) to equation (21). The result for the pressure is and is the angle betweenû and the relative separation at contact for the + and ?
spheres. Analogous expressions may be derived for the shear moduli 1 and 2 . One may, of course, improve one's statistics by sampling a number of random directions for each particle ( fteen were used in this work). Unfortunately, # i is an unbounded estimator since both the cosines and the length of the line segment can go to zero. In fact, one may show that both types of singularities lead to logarithmically diverging terms in the variance of # i . This di culty may be removed by considering the estimator involving the entire available volume mentioned above or by the method of`reselection'. 19 Neither consideration was implemented in this work. Curiously, in the extensive computations performed here (over 10 9 directions sampled), although many non-Gaussian,`outlier' points were observed, in all cases the averages computed from (22) agreed with their extrapolated counterparts to within the error estimate of the latter. This observation strongly suggests that the weakness of the logarithmic divergence actually allows one to obtain meaningful averages from (22). 
